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Abstract 

We evaluate the Bateman-Horn constant for the polynomial + 
x + 1. 

Conventions used here: Qi = (loga;)'^, Q = The Major Arcs are 
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For irreducible polynomials of the form x"' + k, the Bateman-Horn constant 
can be evaluated by the Hardy-Littlewood Circle Method via mimicking 
the method in [BZ]. The splitting fields of the polynomials x"' + k which 
are irreducible form a class of extensions of number fields called Kummer 
extensions. Here, we try to evaluate the Bateman-Horn constant for x^ + 
x + 1, a polynomial which is not of the form -|- k. Facts about x^ +x + l, 
taken from [V], are the following: It has Galois group G ~ S3, its splitting 
field H is an unramified cubic extension of Q[-\/— 31], and since 31) = 3, 
H is the Hilbert class field of Q[-\/— 31]. The Bateman-Horn constant is 
defined by 

^(/) - n i^) 

where Up is the number of solutions to the equation f{n) = Omodp in 
Z/pZ. For the polynomial x^ + x + l,we have that Up = 1,3 or 0, according 

to whether (^^^ j = (~p^) ~ ^ '^^^ represented by the binary 

quadratic form x^ — xy + 8y^, or (^~^^ = 1 P cannot be represented by 

the binary quadratic form x"^ — xy + 8y^ respectively. This indicates that 
its Bateman-Horn constant should have the form 
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We will mimick the method in [BZ] and make changes in the necessary 
places. In particular, the sum Si{a) is unchanged and is defined as follows: 



Si{a) = ^A{m)e{am). (2) 
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We have 



Si{a) — Ti{a) + Ei{a) + o{x) 

where 



a = - + /3 
Q 



with 1^1 < ^. 
Let 
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But now we must define Si{a) as follows: 



^2(0;) =Xe(-a(n3 + n)). (4) 
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Then we have 
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Later on, the ii{q) occuring in Ti{a) will restrict us to squarefree q, whence 
we have ql — q* — q/d and d* — d'^ Therefore, considering only squarefree 



n* = 
d* = 
and ql — 
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= r2(Q;) + £;2(q;), say. 

Now 
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where means a inverse squared in {Z/{q*)1iy . 
Therefore, we have 
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The main term will be given by the following: 
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n<a; 
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and the 0-term in the above is, by Cauchy's inequahty and Parseval's iden- 
tity, 
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Furthermore, 
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Therefore, 
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This yields 




+ error terms. 

Now, comparing the singular series obtained here with the Bateman-Horn 
constant, we obtain the following formula for Up, the number of solutions 
to the equation + n + 1 = mod p in Z/pZ: 

".-1 = ^ E ^(v)^:^?^ E X(a-V)r(mx% (II) 
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It seems that irreducible polynomials of the form x" + /c which generate 
Kummer extensions are the easiest ones to handle when evaluating Up via 
this method. For these, the right hand side of the above collapses into a 
sum over Dirichlet characters which reflects the arithmetic of the Kummer 
extension - the Dirichlet characters are actually Hecke characters on the 
narrow ray class group of a certain conductor which is canonically isomor- 
phic, by Artin Reciprocity, to the Galois group of the ray class field E of 
F = Q[e~] over F. {E contains as a subfield.) For + x + 1 already 

we have to sum a product of Gauss sums over all characters modulo p/d (as 
in (E]) and ( lTT]) )as opposed to only those of a given order as in the case of 
+ k. As the situation becomes more complicated, it is unclear how the 
right hand side of the above reflects the arithmetic of the field. 
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